We apply the combinatorial theory of spherical varieties to characterize the momentum polytopes of polarized projective spherical varieties. This enables us to derive a classification of these varieties, as well as a classification of all Fano spherical varieties. While considering the more general setting of multiplicity free and compact Hamiltonian manifolds, we obtain a sufficient condition involving momentum polytopes for such manifolds to be Kähler. Proposition 2.3. Let (X, L) be a polarized spherical G-variety, and let Y be a closed G-
Introduction
Let M be compact connected Hamiltonian K-manifold acted on by a compact connected Lie group K. In [Kir84] , F. Kirwan proved that the image of M through the underlying momentum map intersects the positive Weyl chamber t * + in a convex polytope. This polytope is called the momentum polytope of M and we will denote it by Q(M).
Under the assumption that K is a torus acting effectively on M and dim M = 2 dim K, T. Delzant established in [Del88] that Q(M) uniquely determines M and described which polytopes can be realized this way.
In [Kno11] , F. Knop generalized these results to the case where K is not necessarily abelian. A Hamiltonian K-manifold is called a multiplicity free K-manifold if all its symplectic reductions are points. This notion was introduced in [GS84] and [MF78] . For the sake of brevity, in this paper multiplicity free manifolds will be compact and connected, by definition. F. Knop proved Delzant's conjecture that a multiplicity free manifold is uniquely determined by the pair (Q(M), Ξ(M)), where Ξ(M) is a certain sublattice of the weight lattice of K determined by the generic isotropy group of the K-action on M. He also determined which pairs (Q, Ξ), where Q is a polytope in t * + and Ξ is a sublattice of the weight lattice, are realized by such a manifold. Given Knop's classification result, it is natural to look for geometric properties of M that can be read off the pair (Q(M), Ξ(M)). An important such property is Kählerizability. For K abelian, T. Delzant proved in [Del88] that every multiplicity free K-manifold has an essentially unique compatible complex structure. In fact, the action of K on M extends to an action of the complexification of K and M is isomorphic to the projective toric variety determined by the polytope Q(M). Both the existence and the uniqueness of the complex structure no longer hold when K is nonabelian. Indeed, C. Woodward showed in [Woo98a] that there exist multiplicity free manifolds that are not Kählerizable. It is also known that there are multiplicity free manifolds that allow more than one compatible complex structure, see e.g. [Woo98b, Remark 4.4] . In [Los09a, Theorem 8 .3] I. Losev proved a uniqueness result for invariant Kähler structures on a given compact multiplicity free Hamiltonian K-manifold.
One of the results in this paper is a combinatorial answer to the Kählerizability question, which was first studied in [Woo98b] . In Theorem 7.16, we give a sufficient condition, in terms of the pair (Q(M), Ξ(M)), for the multiplicity free manifold M to be Kählerizable. While Knop's criterion for a pair (Q, Ξ) to be realized by a multiplicity free K-manifold M is purely local, our Kählerizability result involves the global structure of the polytope Q(M).
Considering Brion's result [Bri87] asserting that a smooth projective K C -variety is multiplicity free as a K-Hamiltonian manifold if and only if it is spherical as a K C -variety, we approach this question by making use of the theory of spherical varieties. In fact, most of this paper's results are about these varieties. Recall that when G is a complex connected reductive group, a normal variety equipped with an action of G is called spherical if a Borel subgroup of G has a dense orbit on it.
In [Bri87] , M. Brion introduced a purely algebraic version of the momentum polytope Q(X) = Q(X, L), defined for a polarized G-variety (X, L); see (2.1) below for Brion's representation-theoretic definition. He also showed that when K is a maximal compact subgroup of G, and X is smooth and equipped with the natural structure of Hamiltonian K-manifold induced by L, then the two notions of momentum polytope agree.
When G is abelian, a spherical variety is nothing other than a toric variety. As is well known, the momentum polytopes of polarized toric varieties are exactly the integral convex polytopes. We use the combinatorial theory of spherical varieties, including their recent complete combinatorial classification, to characterize the momentum polytopes of polarized spherical varieties. To give some more details, we have to introduce another invariant of the spherical G-variety X: the weight lattice Ξ(X) of X is the set of weights of rational functions on X which are eigenvectors for a given Borel subgroup of G. The heart of this paper is Section 4: we give two combinatorial characterizations of the pairs (Q, Ξ), where Q is a polytope in t * + and Ξ is a sublattice of the weight lattice of G, for which there exists a polarized spherical G-variety (X, L) with (Q, Ξ) = (Q(X, L), Ξ(X)). In the first characterization, Corollary 4.13, we view Q as a convex hull, while in the second, Theorem 4.31, we view it as an intersection of half-spaces. Both characterizations involve the set Σ(X) of spherical roots of X, which is an important (finite) invariant of X that is absent in the toric setting.
In Section 5, we make use of our characterizations to deduce some classifications. We classify in terms of the data (Q(X, L), Ξ(X), Σ(X)) all polarized spherical G-varieties (Theorem 5.5), and all Fano varieties (Theorem 5.10). In particular, in the Fano case, we recover and extend work of Pasquier [Pas08] and work of Hofscheier and Gagliardi [GH15] about Fano embeddings of a prescribed spherical homogeneous space.
Finally, in the last section, we obtain our Kählerizability result, Corollary 7.17.
Notation. All groups and varieties are defined over the field of complex numbers C and varieties are irreducible by assumption. If H is a linear algebraic group, we denote by X (H) its set of characters, and by H ○ the identity connected component of H.
Throughout the paper, G is a connected reductive algebraic group. We fix a choice of a Borel subgroup B ⊆ G and a maximal torus T ⊆ B. We denote by S the set of simple roots of G, we use Λ for the weight lattice of G, that is Λ = X (T ). We denote by Λ + the set of dominant weights in Λ. If λ ∈ Λ + , then the irreducible G-module of highest weight λ is denoted by V (λ) and v λ denotes a highest weight vector of V (λ). If we need to specify the acting group, we will add a subscript and write V G (λ).
If Ξ is a finitely generated free abelian group then we put Ξ Q ∶= Ξ⊗ Z Q, and if Ω is a subset of Ξ Q , we denote by Q ≥0 Ω the convex cone generated by Ω in Ξ Q . We will use ⟨⋅, ⋅⟩ for the pairing between Ξ Q and Hom Q (Ξ Q , Q). For Π ⊆ Hom Q (Ξ Q , Q), Π ⊥ stands for the set of λ ∈ Ξ Q such that ⟨λ, σ⟩ = 0 for all σ ∈ Π. Given a convex rational polyhedral cone C ⊂ Hom Q (Ξ Q , Q) and an extremal ray R of C, the intersection R ∩ Hom Z (Ξ, Z) is a monoid generated by a unique element, that we call a ray generator of C. For any subset Ω of Λ R ∶= Λ ⊗ Z R we put
where (⋅, ⋅) is a fixed Weyl group invariant inner product on Λ R .
Basic material on reductive group actions
We recall some standard facts about varieties equipped with an action of G.
Polarized varieties.
Let X be such a G-variety. Then G acts on the function field of X as well as on the ring of regular functions on X. The weight lattice Ξ(X) (resp. weight monoid Γ(X)) of X is the set of B-weights of the rational (resp. regular) B-eigenfunctions on X. Note that if X is affine then Γ(X) generates the group Ξ(X).
Let (X, L) be a polarized G-variety that is, a projective G-variety X equipped with an ample G-linearized line bundle L. Note that once the G-linearization of L is fixed, the space of global sections H 0 (X, L) carries a natural G-module structure.
Following Brion [Bri87] , we define the momentum polytope of (X, L) as
It is indeed the convex hull of finitely many points in Λ Q , cf. Observe that it follows from the definition of Q(X, L) that
which is called the total section ring of (X, L). Recall that R(X, L) is a finitely generated graded algebra, with degree n part equal to H 0 (X, L n ). Moreover, R(X, L) is endowed with an action ofG
Indeed, the group G acts naturally on each H 0 (X, L n ) while G m acts with weight n on H 0 (X, L n ). We fix the Borel subgroup B × G m and the maximal torus T × G m ofG. The associated weight lattice (resp. set of dominant weights) isΛ ∶= Λ × Z (resp.Λ + ∶= Λ + × Z).
The affineG-varietyX ∶= Spec R(X, L)
is called the affine cone over X. It is normal if and only if X is (see, e.g., [Har77, Ex. II.5.14(a)] for the "if" part). Its weight lattice Ξ(X) will also be denotedΞ(X, L) and will be called the extended weight lattice of (X, L). We have an exact sequence
where the third map is induced by the projection ΛG → Λ Gm . Note that the cone in Λ Q × Q over Q(X, L) × {1} coincides with the cone generated by the weight monoid Γ(X) of thẽ G-varietyX. Equivalently, we have
as subsets of Λ Q × Q (see e.g. [AB06, Section 2.2]).
Polarized spherical varieties.
We call a G-module multiplicity free if it is the direct sum of pairwise non-isomorphic simple G-modules. An affine G-variety is multiplicity free if its coordinate ring is a multiplicity free G-module. A polarized G-variety (X, L) is multiplicity free if every G-module H 0 (X, L n ) is multiplicity free; equivalently,X is a multiplicity freeG-variety. Thanks to a result of [VK78] , an affine G-variety is spherical if and only if it is normal and multiplicity free. Likewise, a polarized G-variety is spherical if and only if it is normal and multiplicity free. The normality of the affine coneX over a polarized spherical G-variety (X, L) implies the following equality for its weight monoid (as aG-variety):
(2.5) Γ(X) = Q ≥0 (Q(X, L) × {1}) ∩Ξ(X, L).
Propositions 2.2 and 2.3 gather some well-known basic facts about polarized spherical varieties. For a proof see, e.g., [AB06, Prop. 2.9].
Proposition 2.2. Let (X, L) be a polarized spherical G-variety with extended weight latticẽ Ξ =Ξ(X, L) and momentum polytope Q = Q(X, L) and let Y be a closed G-subvariety of X.
is surjective for all n ≥ 0; (d) for every n ≥ 0 we have the following isomorphism of G-modules:
or, equivalently, we have the following isomorphism ofG-modules:
3.2. Colored fans, G-invariant valuations and spherical roots. We recall the definition of the colored fan of a spherical G-variety X. The set of colors of X is
The Luna-Vust embedding theory in [LV83] (see also [Kno91] ) combinatorially describes X as an equivariant embedding of its open G-orbit by means of its colored fan F (X). To define F (X), first let Y be a G-orbit in X, and set
The colored fan of X is
As proved by Luna and Vust [LV83, Prop. 7 .4], the restriction of the map v ↦ ρ v to the set of G-invariant valuations of C(X) is injective. Let V(X) denote the image of this restricted map; by [Bri90, §3] it is a convex co-simplicial cone, the valuation cone of X. The set Σ(X) (denoted also by Σ G (X) when we need to emphasize the acting group) of spherical roots of X is the minimal set of primitive elements of Ξ(X) such that
If we fix G, the union of the sets of spherical roots of all spherical G-varieties is finite, and denoted here by Σ G . An element σ ∈ Σ G is always a linear combination of simple roots of G with non-negative rational coefficients; the set of simple roots whose coefficient is non-zero is called the support of σ. We list all possible σ, with their supports, in Table 1 . In the table, simple roots are denoted by α 1 , α 2 , . . ., numbered as in Bourbaki [Bou68] . In two cases the support is of type A 1 × A 1 , in which case the two simple roots are α 1 and α ′ 1 . For every G-orbit Y on X, the relative interior of the cone C Y has nonemtpy intersection with the valuation cone V(X) (see [Kno91, Theorem 2.5]).
Proposition 3.2. Let X be an affine spherical G-variety with weight monoid Γ. Let C be the largest face of the dual cone (Q ≥0 Γ) ∨ of which the relative interior intersects V(X). Then there exists D ⊆ ∆(X) such that (C, D) is an element of the colored fan F (X) of X, and for every other (C ′ , D ′ ) ∈ F (X), the cone C ′ is a proper face of C.
Proof. See e.g. Proposition 5.14 in [ACF18a] and its proof.
3.3. Momentum polytopes and colored fans. The next definition recalls a basic construction in convex geometry.
Definition 3.3. Let Ξ be a lattice and let Q be a full dimensional convex polytope in
where for every face F of Q, we define C(F ) to be the dual cone (in
For later use, we introduce the following notion. This terminology is justified by assertion (a) in Theorem 3.5. 
Definition 3.4. Retain the notation of Definition 3.3. Given a convex cone V in N, a face F of Q is an orbit face for V if the relative interior of the cone C(F ) intersects V. (a) The map Y ↦ Q(Y , L Y ) is a bijection between the set of G-orbits in X and the set of orbit faces of Q. (b) The colored fan F (X) of X is the set of pairs (C(F ), D(F )) where F varies over the orbit faces of Q and for each such face F
Two characterizations of the momentum polytope of a spherical variety
In this section, we give two purely combinatorial criteria to decide whether a couple (Q, Ξ) consisting in a lattice Ξ ⊂ Λ and a rational convex polytope Q ⊂ Q ≥0 Λ + is geometrically realizable; see Theorem 4.12 and Theorem 4.31 below. LetΞ ⊂Λ be a lattice and Q ⊂ Q ≥0 Λ + be a convex polytope. To these data, we associate the submonoid Γ(Q) ofΛ + defined by:
4.1.1. Because it relies on realizing a polarized spherical variety as the quotient of an affine spherical variety, the criterion given in this section involves the monoid Γ(Q) and the combinatorial classification of affine spherical varieties with prescribed weight monoid in terms of admissible sets of spherical roots given in [ACF18a, Theorem 6.9] and in [PVS16, Prop. 2.24]. We briefly recall this classification, following the terminology used in [ACF18a] .
Definition 4.1. Let Ξ ⊂ Λ be a sublattice. A spherical root σ ∈ Σ G is said to be compatible with Ξ if it satisfies the following properties:
(1) σ is a primitive element of Ξ;
(2) the pair (Ξ ∩ S, σ) satisfies Luna's axiom (S);
(3) if σ = α + β or σ = 1 2 (α + β) for some α, β ∈ S with α ⊥ β, then ⟨α ∨ , λ⟩ = ⟨β ∨ , λ⟩ for all λ ∈ Ξ; (4) if σ = 2α for some α ∈ S, then ⟨α ∨ , λ⟩ ∈ 2Z for all λ ∈ Ξ.
Until Theorem 4.5, Γ will denote a finitely generated submonoid of Λ + which is saturated, i.e. for which the following equality holds in Λ Q :
Recall that the dual cone of Γ in Hom Q (QΓ, Q) is denoted by Γ ∨ .
Definition 4.2. A spherical root σ ∈ Σ G is said to be compatible with Γ if σ is compatible with ZΓ and satisfies the following conditions:
(1) if σ ∉ S then for every ray generator ρ ∈ Γ ∨ such that ⟨ρ, σ⟩ > 0, there exists δ ∈ S ∖ Γ such that δ ∨ ZΓ is a positive multiple of ρ.
(2) if σ = α ∈ S then there exist two elements ρ 1 , ρ 2 ∈ Γ ∨ ∩Hom Z (ZΓ, Z) with the following properties: (a) ⟨ρ 1 , α⟩ = ⟨ρ 2 , α⟩ = 1; (b) α ∨ ZΓ = ρ 1 + ρ 2 ; (c) if ρ ∈ Γ ∨ is a ray generator such that ρ(α) > 0 then ρ = ρ 1 or ρ = ρ 2 . By Σ(Γ), we denote the set of all spherical roots σ ∈ Σ G that are compatible with Γ.
To every α ∈ Σ(Γ) ∩ S, we associate a two-element set S(α) = {D + α , D − α } equipped with the map ρ∶ S(α) → Hom(ZΓ, Z) given by ρ(D + α ) = ρ 1 and ρ(D − α ) = ρ 2 . Proposition 4.3. For a spherical root σ ∈ Σ G , the following conditions are equivalent.
(1) σ ∈ Σ(Γ).
(2) There exists an affine spherical G-variety X with Γ(X) = Γ and Σ(X) = {σ}. (1) Σ is admissible for Γ.
(2) There exists an affine spherical G-variety X with Γ(X) = Γ and Σ(X) = Σ. 4.1.2. We also need to recall two basic facts about spherical roots. The first one is that if Y is an affine spherical G-variety, then The second one is the following lemma, which is well-known. We provide a proof for completeness.
Lemma 4.6. Let (X, L) be a polarized spherical G-variety and letX be its affine cone. Then Σ G (X) = ΣG(X), with Ξ(X) being identified with its image in Ξ(X) under the map in (2.3).
Proof. We view all varieties involved here asG-varieties, by letting G m act trivially on X. The openG-orbit X 0 of X is the quotient by the action of G m of the openG-orbitX 0 ofX. Denote this quotient by ϕ∶X 0 → X 0 .
It suffices to prove that ΣG(X 0 ) = ΣG(X 0 ). First we claim that this equality holds up to replacing some elements with positive rational multiples. Indeed, consider the natural linear map ϕ * ∶ Ξ(X 0 ) → Ξ(X 0 ) induced by pulling back rational functions (it is the map in (2.3)), and the dual map ϕ * ∶ N(X 0 ) → N(X 0 ). Since G m is in the center ofG, from [Kno91, First part of the proof of Theorem 6.1] it follows that the kernel of ϕ * is contained in the linear part of the valuation cone ofX 0 . This, together with [Kno91, Theorem 4.4], implies the claim. Now, notice that ϕ is either injective, or has fiber isomorphic to G m . Therefore, by [Gan11, Lemma 2.4], the quotient Ξ(X 0 ) Ξ(X 0 ) has no torsion, hence the elements of ΣG(X 0 ) are primitive in Ξ(X 0 ). This shows the desired equality.
The following has been inspired by, and has essentially the same proof as Proposition 4.2 in [Bri87] .
Proposition 4.7. Let V be a finite dimensional G-module. Let X ⊂ P(V ) be a projective spherical G-variety with extended weight latticeΞ, momentum polytope Q and set of spherical roots Σ. Then there exist (λ 1 , 1), ..., (λ s , 1) ∈ Γ(Q) such that (1) λ 1 ,..., λ s are vertices of Q as well as highest weights of the dual module V * ,
Proof. LetX be the affine cone given by the inclusion X ⊂ P(V ). In this proof, wheñ γ ∈ Γ(X), we will write V (γ) for theG-submodule of C[X] of highest weightγ. Recall that the closed G-orbits of P(V ) are the orbits
where v is a highest weight vector in V . We put
and for every λ ∈ F we putλ = (λ, 1) ∈Λ + . Observe that every λ ∈ F is a highest weight of V * . Let R ⊂ C[X] be the subalgebra generated by theG-modules V (λ) with λ ∈ F . Note that R is graded because it is generated by homogeneous elements (of degree 1), and that it is a finitely generated G-algebra. Moreover, we claim that the morphism f ∶X → Spec(R) induced by the inclusion R ⊂ C[X] is finite. To prove this claim, one notices that f −1 (0) does not contain any coneỸ over a closed G-orbit Y of X since f is the identity onỸ . This implies that f −1 (0) = {0} which allows to conclude the proof of the claim, since f is homogeneous of degree 1. As a consequence, the morphism
Then, by definition of Q(X, L), there exists n > 0 such that the homogeneous component C[X] n contains the simpleG-module V ((nν, n)). This together with the finiteness of f U implies that V (p(nν, n)) ⊂ R np for some p > 0. Setν = (ν, 1). By the definition of R, there thus exist
. By (4.2) and Lemma 4.6, it follows thatλ
We have shown assertions (1) and (2). Assertion (3) follows from Theorem 4.5 and the fact that the weight monoid ofX is precisely Γ(Q), see (2.5).
The proof of Proposition 4.7 shows that one can take λ 1 , λ 2 , . . . , λ s to be the vertices of Q that are the momentum polytopes of the closed G-orbits in X.
. We consider the polytope Q ⊂ Ξ defined as the convex hull of 0, 2λ 1 and λ 2 .
In §2.4 of [AB06], Alexeev and Brion show (by ad hoc arguments) that the polytope Q can not be realized as the momentum polytope of a projective spherical variety over P(V ). Let us recover this result, by applying Proposition 4.7.
Assume there exists a projective G-spherical X over P(V ) with momentum polytope Q. Then λ 2 is the only vertex of Q satisfying Proposition 4.7-(1). The second and third assertions of Proposition 4.7 thus imply that X should have at least two spherical roots, which have to be compatible with Γ(Q). Easy computations using Definitions 4.2 and 4.4 show that the only spherical roots compatible with the monoid Γ(Q) are the simple roots α 1 and α ′ 1 of G and that {α 1 , α ′ 1 } is not an admissible set for Γ(Q). It follows that there is no projective G-spherical over P(V ) with momentum polytope Q. 4.1.3. The main objective of this section consists in proving the converse of Proposition 4.7 in the more general setting of G-varieties over P(V ), for some finite dimensional G-module V , namely pairs (X, f ) with X being a projective G-variety and f ∶ X → P(V ) being a finite G-morphism. Let L = f * (O(1)). By the momentum polytope (resp. extended weight lattice) of X over P(V ), we mean the momentum polytope of (X, L).
Based on Proposition 4.7, we start by introducing the following notion.
Definition 4.10. A quadruple (Ξ, V, Q, Σ) such that ZΓ(Q) =Ξ 1 is called a momentum quadruple of G if there exist elements of degree 1 ofΞ, say (λ 1 , 1), ..., (λ s , 1) satisfying the following properties:
(1) λ 1 ,..., λ s are vertices of Q as well as highest weights of the dual V * ,
(2) Q ⊂ Conv(λ 1 , ..., λ s ) − Q + Σ and (3) Σ is an admissible set for the weight monoid Γ(Q).
Note that if (Ξ, V, Q, Σ) is a momentum quadruple then so is (Ξ, V, Q, Σ ′ ) whenever Σ ′ is a set which contains Σ and which is admissible with respect to Γ(Q) .
Lemma 4.11. Given a momentum quadruple (Ξ, V, Q, Σ) of G, let E denote a minimal set of generators of the monoid Γ(Q) and X(Σ) ⊂ W = ⊕ν ∈E V (ν) * be an affine spherical G-variety with weight monoid Γ(Q) and set of spherical roots Σ. Forν ∈ E, the following assertions are equivalent.
(1) The highest weight vector vν is an element of X(Σ).
(2) The coneν ⊥ ∩ Γ(Q) ∨ intersects the relative interior of the valuation cone of X(Σ). Moreover, if (1) or (2) holds then the weightν equals one of the weights (λ i , 1).
Proof. The equivalence (1) ⇔ (2) follows from Proposition 3.2.
First, note that if (2) holds thenν ⊥ ∩ Γ(Q) ∨ is not trivial. This implies thatν does not belong to the relative interior of the cone generated by the elements of E. In particular,
Then ⟨ρ,ν⟩ = 0 and ⟨ρ,λ i ⟩ ≥ 0, for all i. These inequalities together with Definition 4.10-(2) imply that there exists σ ∈ Σ such that ⟨ρ, σ⟩ ≥ 0. Therefore (2) does not hold -a contradiction.
Theorem 4.12. Let V be a finite dimensional G-module,Ξ be a sublattice ofΛ, Q ⊂ Q ≥0 Λ + be a convex polytope and Σ be a set of spherical roots of G.
The following assertions are equivalent.
(1) The tuple (Ξ, V, Q, Σ) is a momentum quadruple of G.
(2) There exists a spherical projective G-variety over P(V ) with extended weight latticẽ Ξ, momentum polytope Q and set of spherical roots Σ.
Proof.
(2) ⇒ (1) To prove this implication, we follow the proof of Proposition 4.7. Take a finite morphism f ∶ X → P(V ). Let L = f * (O(1)) andX be the corresponding affineGvariety. Consider the simple G-submodules V (λ i ) ⊂ V such that there exists a closed G-orbit of X which maps to P(V (λ i )). We thus define R to be the subalgebra of C[X] generated by the corresponding simpleG-modules V (λ i ) withλ i = (λ i , 1). We thus argue as for the proof of Proposition 4.7 while considering this algebra R. Finally, note that λ i are indeed vertices of Q(X, L); see Proposition 2.3.
(1) ⇒ (2) Thanks to Definition 4.10-(3), there exists a sphericalG-variety X(Σ) with weight monoid Γ(Q) and set of spherical roots equal to Σ. Recall that X(Σ) can be regarded as aG-subvariety of W = ⊕ E V (ν) * where E denotes a minimal set of generators of the monoid Γ(Q).
Let R be the subalgebra of the coordinate ring of X(Σ) generated by the modules V (λ i ) withλ i = (λ i , 1) for i = 1, ..., s. We then have a natural morphism ϕ ∶ X(Σ) → Spec(R); we shall prove that condition (2) implies that ϕ is finite. Once this is proven, we get a finite morphism X(Σ) → V and in turn we obtain that the quotient X(Σ) G m is a projective spherical G-variety over P(V ) which satisfies our requirement.
Let us thus prove that the morphism ϕ is finite. Since f is homogeneous of degree 1, it suffices to show that ϕ −1 ({0}) equals the singleton {0}. Note that theG-orbit closures of vλ i within W are obviously not contained in the fiber ϕ −1 ({0}) because ϕ restricted on such orbit closures is the identity map. Lemma 4.11 shows that theG-orbit closures of vν, for ν ≠λ i andν ∈ E, are not contained in this fiber either. This concludes the proof.
Corollary 4.13. Let V be a finite dimensional G-module, Ξ ⊂ Λ be a lattice and Q ⊂ Q ≥0 Λ + be a convex polytope. The following assertions are equivalent.
(1) There exists a momentum quadruple (Ξ, V, Q, Σ) for someΞ spanned by Ξ and some (λ, 1)'s with λ being some highest weights of V * . (2) There exists a spherical projective G-variety over P(V ) with weight lattice Ξ and momentum polytope Q.
Proof. This follows from Theorem 4.12 together with Corollary 2.4.
,Ξ be the lattice generated by (λ i , 1), i = 1, 2 or 3, and Q be the convex hull of the weights λ 1 , λ 2 and λ 3 . Since Q is a lattice polytope, (Ξ, V, Q, ∅) is obviously a momentum quadruple. One next computes that the set {α 1 , α 2 } of simple roots of G forms an admissible set for Γ(Q). The power set of {α 1 , α 2 } thus yields four non-isomorphic projective spherical G-varieties with given data (Ξ, V, Q).
4.2.
A characterization as an intersection of half-spaces. The criterion we establish in this section is derived from the results obtained in the previous subection; it has the advantage of not resorting to a monoid. Throughout this subsection, Ξ ⊂ Λ denotes a lattice and Q ⊂ Q ≥0 Λ + is a convex polytope such that Q − ω is a full dimensional polytope of Ξ Q for some (equivalently, any) ω ∈ Q.
Fix ω ∈ Q. Let F be any facet of Q. In our setting, F generates an affine subspace of Λ Q of dimension rk Ξ − 1, which we denote by H F . Analogously, the corresponding facet F − ω of Q − ω generates an affine hyperplane H F −ω of Ξ Q which we can write as
where m F,ω ∈ Q and ρ F is a primitive element of Hom Z (Ξ, Z). We choose ρ F to be inwardpointing, i.e. such that it takes on Q − ω values that are greater than or equal to −m F,ω .
Notice that ρ F does not depend on ω; it is uniquely determined by F and it uniquely determines F among the facets of Q: we call it the primitive inward-pointing facet normal of F .
We thus have
4.2.1. LetΞ ⊂Λ be a lattice generated by Ξ and an elementλ = (λ, 1) with λ ∈ Q ∩ Λ. Then the equality
Lemma 4.15. Let σ ∈ Σ(G). Then the following assertions are equivalent.
(1) The spherical root σ is compatible with the lattice Ξ and the couple (S ∩Q , σ) satisfies Luna's axiom (S).
(2) The spherical root σ is compatible with the latticeΞ.
Proof. This follows readily from the inclusion Ξ ⊂Ξ along with (4.3).
Recall that in this setting we have defined the monoid Γ
, defines a bijective correspondence between the ray generators of Γ(Q) ∨ and the primitive inward-pointing facet normals of Q. The inverse map is given by ρ F ↦ρ whereρ denotes the ray generator of Γ(Q) ∨ defining the facet containing F × {1}.
4.2.2. These lemmas suggest the following analog of Definitions 4.2.
, and σ satisfies the following properties:
(
, we denote the set of spherical roots that are Q-compatible with (Ξ, Q). For a simple root α ∈ Σ Q (Ξ, Q), we denote by A(α) an "abstract" set with two elements D + α and D − α , and we define a map ρ∶ A(α) → Hom Z (Ξ, Z) by setting ρ(D + α ) = ρ F and ρ(D − α ) = α ∨ Ξ − ρ F , where we choose 2 a facet F ⊂ Q as above.
We will prove that this definition is equivalent to Definition 4.2. We discuss first some consequences of Q-compatibility on the configuration of the polytope Q. (1) The polytope Q − ω is contained in the positive half-space defined by s α (H F −ω ) and its normal ρ(D − α ).
(2) Suppose there exists a facet F ′ of Q, distinct from F , and whose primitive inwardpointing facet normal ρ F ′ is positive on α. Then
Proof. Let us prove part (1). Suppose, for sake of contradiction, that there exists q ∈ Q lying in the open negative half-space defined by s α (H F −ω ). Consider the maximum rational number a such that q − aα ∈ Q: we have a ≥ 0, and the point q ′ = q − aα is on a facet E of Q such that ⟨ρ E , α⟩ > 0 (otherwise q − Q ≥0 α would be entirely contained in Q). Then
In particular the left hand side of the inequality is not 0. This excludes the possibility that H E = s α (H F ). Then H E = H F , i.e. E = F and in turn, q ′ ∈ F . This yields ⟨ρ F , q ′ −ω⟩+m F,ω = 0 and ⟨α ∨ , q ′ ⟩ = ⟨ρ F , q ′ − ω⟩ + ⟨ρ(D − α , q ′ − ω⟩ + ⟨α ∨ , ω⟩ < 0, which is a contradiction. Let us prove part (2). By Definition 4.17, we have H F ′ = s α (H F ) and ⟨ρ F , α⟩ = ⟨ρ F ′ , α⟩ = 1. Therefore, ρ F ′ = −s α ∨ (ρ F ) and clearly the affine hyperplanes H F −ω and H F ′ −ω are not parallel. The first equality follows and also we obtain a point p ∈ Proof. Thanks to Lemma 4.15, compatibility withΞ is equivalent to compatibility with Ξ together with Luna's axiom (S) holding for the couple (S ∩ Q , σ). It remains to check the other conditions.
Suppose first σ ∉ S, let F be a facet of Q, andρ a ray generator of Γ(Q) ∨ corresponding to ρ F . We observe that
(1) ⟨ρ F , σ⟩ > 0 if and only if ⟨ρ, σ⟩ > 0;
(2) given α ∈ S ∖ Q , ifρ is a positive rational multiple of α Ξ , then ρ F is a positive rational multiple of α Ξ ; (3) if ⟨α ∨ , F ⟩ = 0, then α ∨ vanishes on the wall of C(Q × {1}) that contains F × {1}, but it does not vanish on C(Q × {1}): this implies thatρ is a positive rational multiple of α ∨ Ξ . From these facts we deduce that σ is compatible with the couple (Ξ, Q) if and only if it is compatible with the monoid Γ(Q).
Suppose now σ = α ∈ S and σ is Q-compatible with (Ξ, Q). Let F be a facet of Q as in Definition 4.17. Letρ be the ray generator of Γ(Q) ∨ corresponding to ρ F as given by Lemma 4.16, soρ is primitive in the lattice Hom Z (ZΓ(Q), Z). In particular,ρ Ξ = sρ F for some s ∈ Q ≥0 , and note that s is a positive integer since α ∈ Ξ and ⟨ρ F , α⟩ = 1. We claim that ρ 1 ∶=ρ and ρ 2 ∶= α ∨ Ξ −ρ satisfy the three properties required by Definition 4.2.
To prove the claim, we first observe that ω − m F,ω α is on the affine subspace H F , which is contained in HF . Therefore, s = a m F,ω . Sinceρ is primitive, we have gcd(s, a) = 1, yielding a = m F,ω andρ = (ρ F , m F,ω ). The equalities ⟨ρ 1 , α⟩ = ⟨ρ 2 , α⟩ = 1 follow. Moreover, α ∨ Ξ = ρ 1 + ρ 2 holds by construction. The latter equality also yields ρ 2 = (α ∨ Ξ − ρ F , ⟨α ∨ , ω⟩ − m F,ω ), so by Lemma 4.18, part (1), we have that ρ 2 is non-negative on Q × {1}. This implies that ρ 2 ∈ Γ(Q) ∨ . We thus have proved the first two required properties.
Finally, let ρ be any ray generator of Γ(Q) ∨ such that ⟨ρ, α⟩ > 0 and ρ F ′ be the corresponding primitive inward-pointing normal of Q. Then ⟨ρ F ′ , α⟩ > 0. Since α ∈ Σ(Ξ, Q) by assumption, we have that H F ′ = H F or H F ′ = s α (H F ) by Definition 4.17. If H F ′ = H F , using similar arguments as above, we conclude that ρ = (ρ F , m F,ω ), thus ρ = ρ 1 . If H F ′ = s α (H F ), we can assume H F ≠ s α (H F ), and we conclude in the same way that ρ = (ρ F ′ , m F ′ ,ω ). Using Lemma 4.18, part (2), we have that ρ = α ∨ Ξ −ρ 1 , hence ρ = ρ 2 . This proves the third required property hence concludes the proof of the claim.
Conversely, let α ∈ S be compatible with Γ(Q). Take ρ 1 , ρ 2 as in Definition 4.2. We may assume that ρ 1 is a ray generator of Γ(Q) ∨ , let F be the corresponding facet of Q. Then, reasoning as above, we obtain ρ 1 Ξ = ρ F , which yields ⟨ρ F , α⟩ = 1. Suppose now ⟨ρ F ′ , α⟩ > 0 for some facet F ′ of Q. Let ρ ′ be the corresponding ray generator of Γ(Q) ∨ . Notice that ker(ρ ′ ) is generated by H F ′ × {1} as a vector space. By hypothesis, we have ρ ′ = ρ 1 or ρ ′ = ρ 2 (the latter yields ρ ′ = −s α (ρ 1 )) hence, respectively, we have F = F ′ or H F ′ = s α (H F ). 
Proof. By definition of
Let F ′ be a facet of Q such that ⟨ρ F ′ , α + β⟩ > 0: we will prove that ρ F ′ = ρ(D). Recall that ⟨α ∨ − ρ F , α⟩ = ⟨α ∨ − ρ F , β⟩ = 1 by assumption. Therefore, α ∨ − ρ F satisfies indeed the required inequality. Furthermore,
Note that ⟨ρ F ′ , α⟩ > 0 or ⟨ρ F ′ , β⟩ > 0. In the first case, F and F ′ along with α fall in the setting of Lemma 4.18-(2). Therefore, α ∨ = ρ F ′ + ρ F , as desired. Suppose now ⟨ρ F ′ , β⟩ > 0. Since ρ(D ′′ ) is a normal of Q then invoking Lemma 4.18 again (but for β),
. This concludes the proof. Proof. Thanks to Proposition 4.19, we have: Σ(Γ(Q)) = Σ Q (Ξ, Q). Hence it remains to check condition (1) of Definition 2 and condition (1') of Definition 4.20. From the proof of Proposition 4.19, we get that the sets S(α) and A(α) (for any α ∈ S ∩ Σ Q (Ξ, Q)) can be identified through the mappingρ ↦ρ Ξ . The implication (1) ⇒ (1 ′ ) thus follows readily.
Let us prove (1 ′ ) ⇒ (1). Take α, β ∈ S ∩ Σ Q (Ξ, Q) with α ≠ β, and suppose ρ(D) = ρ(E) for some D ∈ S(α) and E ∈ S(β). By Lemma 4.22, ρ(D) is a facet normal of Q. Therefore, the elementsρ(D) andρ(E), corresponding to ρ(D) resp. ρ(E) through the aforementioned identification, are equal: this stems from Lemma 4.16 and the fact that both take the value 1 on α. Thanks to (1 ′ ), we get D ∈ A(β) whence (1).
4.2.4.
Before stating our criterion, we need to introduce some further notion.
Let Σ ⊂ Σ Q (Ξ, Q) be Q-admissible. Suppose there exists α ∈ S ∩ 1 2 Σ. Recall from definition of Q-admissibility that whenever ⟨ρ F , α⟩ > 0 for a facet F of Q, then ρ F equals a positive rational multiple of α ∨ Ξ . In this case, it is useful to rescale ρ F and m F,ω accordingly, as follows. We denote
and we set m Σ F,ω = −⟨ρ Σ F , ω⟩. Let Σ ⊂ Σ G . In accordance with Definition 3.4, we call a vertex of Q an orbit vertex with respect to Σ if it is an orbit face of Q for the cone dual to −Σ.
Definition 4.24. A Q-admissible subset Σ ⊂ Σ Q (Ξ, Q) is admissible if the following conditions are satisfied:
(1) for all orbit vertices v, w of Q w.r.t. Σ, the difference v − w is in Ξ;
(2) there exists an orbit vertex
It is easy to check that when condition (1) of Definition 4.24 is true, then condition (2) holds for all orbit vertices of Q, whenever it holds for one of them.
Remark 4.26. Given G and a pair (Q, Ξ), deciding whether there exists a subset Σ of Σ G which is admissible requires only finitely many verifications. In particular, one can, at least in principle, decide algorithmically whether such a pair (Q, Ξ) is realized by a polarized spherical G-variety. Indeed, the set Σ G is finite, and by Definitions 4.17 and 4.20 determining the subsets of Σ G that are Q-admissible with respect to (Q, Ξ) can be done in finitely many steps. It is clear from Definition 4.24 that, determining whether a given Q-admissible subset Σ of Σ G is admissible only requires finitely many further verifications.
Example 4.27. The property of being admissible for a subset of Σ Q (Ξ, Q) is not closed under taking subsets: we exhibit here a minimal admissible set of spherical roots having two elements. The polytope Q is taken from [Bri87, Section 2.1, example c)]. Let G = Sp(6), with simple roots α i and corresponding fundamental dominant weights ̟ i (i ∈ {1, 2, 3}) numbered as in Bourbaki [Bou68] . Define Q as the convex hull of the points 1 2 ̟ 2 , ̟ 2 , and 1
Then Q − q is contained and of full dimension in Ξ Q for any q ∈ Q. One checks that Σ = {α 1 + α 3 , α 2 } is admissible for (Ξ, Q). Notice that v ∶= ̟ 2 is the unique orbit vertex and also the unique lattice point in Q. With respect to any proper subset Σ ′ ⊊ Σ, the polytope Q has more than one orbit vertex; those different from v are not integral weights. Therefore condition (1) of Definition 4.24 cannot be fulfilled for such Σ ′ , so Σ ′ is not admissible.
Lemma 4.28. Let Σ ⊂ Σ Q (Ξ, Q) be linearly independent. Let Ω be some set of vertices of Q and C be the convex hull of Ω. Then the following assertions are equivalent.
(1) The set Ω contains all orbit vertices of Q (w.r.t. Σ).
(2) The convex set C − Q ≥0 Σ contains the polytope Q.
Proof. All statements are invariant under translation of Q, so we may suppose for simplicity that Q ⊂ Ξ Q . Set K = C − Q ≥0 Σ. Note that K is convex and closed.
(1) ⇒ (2):
Suppose, for sake of contradiction, that Q ⊂ K. Then there exists a vertex u of Q not contained in K, in particular u is not an orbit vertex. Since K is convex and closed, we can separate it from u with an affine hyperplane, i.e. there exists ρ ∈ Hom Z (Ξ, Q) that takes on K values that are strictly greater than ⟨ρ, u⟩. Then ⟨ρ, σ⟩ ≤ 0 for all σ ∈ Σ.
We can perturbate ρ by adding a suitable element ν ∈ Hom Z (Ξ, Q) such that ⟨ν, σ⟩ < 0 for all σ ∈ Σ, and in such a way that, setting ρ ′ = ρ + ν, we have again ⟨ρ ′ , k⟩ > ⟨ρ ′ , u⟩ for all k ∈ K different from u. We can choose ν in such a way that ⟨ρ ′ , w⟩ ≠ ⟨ρ ′ , z⟩ holds too, for all vertices w ≠ z of Q. This because the cone V = {x ∈ Hom Z (Ξ, Q) ⟨x, σ⟩ ≤ 0 ∀σ ∈ Σ} has maximal dimension, since Σ is linearly independent. At this point we consider the vertex v of Q where ρ ′ has its minimum on Q. We have v ∉ K, so also v is not an orbit vertex, and ⟨ρ ′ , q⟩ > ⟨ρ ′ , v⟩ for all q ∈ Q ∖ {v}.
These properties assure that ρ ′ is in the relative interior of the cone V, and also in the cone C({v}) of the fan F (Q). Hence C({v}) intersects the relative interior of V. Since C({v}) is of maximal dimension, its relative interior also intersects V. Therefore v is an orbit vertex: contradiction.
(2) ⇒ (1): It suffices to show that any orbit vertex v of Q is a vertex of the convex set K. Let ρ ∈ V Σ be in the relative interior of C({v}). Then the minimum of ρ over Q and also over K is assumed in v, and in v only. It follows that the affine half-space defined by ⟨ρ, −⟩ − ⟨ρ, v⟩ ≥ 0 contains K, and the affine hyperplane defined by ⟨ρ, −⟩ − ⟨ρ, v⟩ = 0 intersects K in v. This shows the claim, finishing the proof.
Finally, we can relate admissibility with respect to (Ξ, Q) and momentum quadruples. 1) . Then (Ξ, V, Q, Σ) is a momentum quadruple.
Proof. Recall that any orbit vertex of Q satisfies the requirements of Definition 4.24; see Remark 4.25. and that Γ(Q) = C(Q × {1}) ∩Ξ. Also, since Q and Ξ Q have the same dimension, the dimension of the polyhedral convex cone C(Q × {1}) is equal to the rank of Ξ, which yields ZΓ(Q) =Ξ. By Proposition 4.23, Σ is admissible for the monoid Γ(Q). In particular, Σ is the set of spherical roots of a spherical variety, hence it is linearly independent. Lemma 4.28 thus concludes the proof. 4.2.5. We are now ready to state the advertised criterion.
Theorem 4.31. For a subset Σ ⊂ Σ G , the following assertions are equivalent.
(1) The set Σ is admissible (resp. Q-admissible) for the couple (Ξ, Q).
(2) There exists a polarized spherical G-variety with weight lattice Ξ, set of spherical roots Σ, and momentum polytope Q (resp. nQ for some positive integer n).
Proof of Theorem 4.31. The assertion with Q-admissibility follows from the one with admissibility, since Σ is Q-admissible for (Ξ, Q) if and only if it is admissible for (Ξ, nQ) for some positive integer n. The theorem follows now from Corollary 4.13, thanks to Propositions 4.29 and 4.30.
Some classification results

A classification of polarized spherical varieties.
A G-morphism between two given polarized G-varieties (X 1 , L 1 ) and (X 2 , L 2 ) is a pair (f, ϕ) where f ∶ X 1 → X 2 is a Gequivariant morphism and ϕ ∶ L 2 → f * L 1 is an isomorphism of G-linearized line bundles. As is well-known, such G-morphisms (X 1 , L 1 ) → (X 2 , L 2 ) are in natural bijective correspondence withG-equivariant morphismsX 1 →X 2 between the affine cones. We first prove a uniqueness statement for polarized spherical varieties. It is derived from Losev's uniqueness theorem for affine spherical varieties (see also [ACF18b] for another proof). Corollary 5.2. Two polarized spherical G-varieties (X 1 , L 1 ) and (X 2 , L 2 ) are G-equivariantly isomorphic if and only if Λ(X 1 ) = Λ(X 2 ), Σ(X 1 ) = Σ(X 2 ) and Q(X 1 , L 1 ) = Q(X 2 , L 2 ).
Proof. We prove the "if" statement by applying Losev's Theorem 5.1 to show that the affine conesX 1 andX 2 areG-equivariantly isomorphic. First note that since X 1 and X 2 have the same weight lattice Ξ as well as the same set of spherical roots, they have the same valuation cone. Because these varieties (with the given polarizations) also have the same momentum polytope Q, their closed G-orbits correspond to the same vertices of Q; see Theorem 3.5. By Corollary 2.4, it follows thatX 1 andX 2 have the same weight latticeΞ and, in turn, the same weight monoid Q ≥0 (Q × {1}) ∩Ξ. Finally, since any polarized spherical G-variety has the same set of spherical roots as its affine cone (Lemma 4.6), Theorem 5.1 allows to conclude.
Remark 5.3. In [Los09b] , one can find a slightly different proof of the above corollary. See
Step 2 of the proof of Theorem 8.3 therein.
Corollary 5.4. There exist only finitely many G-isomorphism classes of spherical polarized G-varieties X with prescribed weight lattice and momentum polytope.
Proof. The set of spherical roots of G being finite, the corollary follows from Theorem 5.2.
Recall the notion of admissibility (see Definition 4.24). Let Ξ ⊂ Λ + be a sublattice, Q ⊂ Q ≥0 Λ + be a polytope such that Q − ω ⊂ Ξ Q is full dimensional for some ω ∈ Q and Σ be a subset of Σ G . We call the triple (Ξ, Q, Σ) a Q-momentum triple of G (resp. momentum triple of G) if Σ ⊂ Σ Q (Ξ, Q) (resp. Σ is admissible for the couple (Ξ, Q)). Combining Theorem 5.2 and Theorem 4.31, we obtain a classification of polarized spherical G-varieties involving these triples.
Theorem 5.5. The map (X, L) ↦ (Ξ(X), Q(X, L), Σ(X)) is a bijection between the Gisomorphism classes of polarized spherical G-varieties and the momentum triples of G.
Remark 5.6. Pasquier classified the polarized horospherical G-varieties by means of some quadruples that he calls moment quadruples; see [Pas17, Corollary 2.10]. Recall that an horospherical G-variety is a (spherical) G-variety such that the stabilizer H of any point of its open G-orbit contains a unipotent subgroup of G. Moreover, horospherical varieties do not have any spherical roots. For a polarized horospherical G-variety (X, D), Pasquier's moment quadruple is the quadruple (P X , M X , Q(X, D),Q(X, D)) where P X is the parabolic subgroup of G such that G H → G P X is a torus fibration; M X is the sublattice of P X consisting of characters vanishing on H; Q(X, D) is the momentum polytope of (X, D) andQ(X, D) is the polytope Q(X, D) − q where q denotes the B-weight of the canonical section of D. Note thatQ(X, D) is contained in M X . Furthermore, the datum (P X , M X ) is equivalent to the datum Ξ(X). These observations yield the connection with our momentum quadruples, more precisely with those such that Σ = ∅.
5.2.
A classification for all Fano spherical varieties. Given a normal complex variety X, we denote its anti-canonical sheaf by −K X . If X is projective and −K X is an ample Cartier divisor then X is called a Fano variety. In case −K X is ample but only Q-Cartier, X is called Q-Fano.
In this section, we establish a bijection between all Fano spherical G-varieties and peculiar momentum triples. This result is derived from the classification obtained in Theorem 5.5 together with the description of the canonical sheaf of a projective spherical variety.
We start with the recollection of this description which essentially follows from some results of Brion's ([Bri97b, Theorem 4.2]) and Luna's ([Lun97, §3.6]); see [GH15] for details. We shall need the notation set up in Section 3.2 and introduce some further ones. In particular, ∆(X) denotes the set of colors of X. Let P ⊂ G be the parabolic subgroup containing B and stabilizing ∆(X) pointwise and S p be its corresponding set of simple roots. By ρ S resp. ρ S p , we denote the half-sum of the positive roots of G, resp. of the root system generated by S p . For α ∈ S, let P α ⊂ G be the corresponding minimal parabolic subgroup containing B.
Proposition 5.7. Let X be a projective spherical G-variety and let X 1 , . . . , X n be the Gstable prime divisors of X. Then
(1) n D = 1 for D ∈ ∆(X) such that P α D ≠ D with α ∈ Σ(X) ∪ 1 2 Σ(X).
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(2) n D = ⟨2ρ − 2ρ S p , α ∨ ⟩ for D ∈ ∆(X) such that P α D ≠ D with α ∉ Σ(X) ∪ 1 2 Σ(X). Remark 5.8. It is a well-known fact that for every D ∈ ∆(X), there exists a parabolic subgroup P α of G such that P α D ≠ D and furthermore, if P α D ≠ D and P β D ≠ D then α, β ∈ Σ(X).
A reflexive Q-momentum triple is a Q-momentum triple where the integers m Σ F,v are prescribed. Here is the precise definition.
Definition 5.9. A Q-momentum triple (Ξ, Q, Σ) is called reflexive if there exists an orbit vertex v of Q satisfying the following properties:
(1) If F is a facet of Q such that ⟨ρ F , σ⟩ > 0 for some σ ∈ Σ, then
(2) If F is a facet of Q such that ⟨ρ F , σ⟩ ≤ 0 for all σ ∈ Σ, then m Σ F,v = 1. Theorem 5.10. The map X ↦ (Ξ(X), Σ(X), Q(X, −K X )) is a bijection between the Q-Fano spherical G-varieties (resp. Fano spherical G-varieties) and the reflexive Q-momentum triples of G (resp. reflexive momentum triples of G).
One notices that this theorem implies readily that there are finitely many Fano spherical G-varieties -a boundedness result already obtained in [AB04] but by a different method.
Proof. First, note that if X is a spherical (Q-)Fano G-variety then (Ξ(X), Σ(X), Q(X, −K X )) is indeed a reflexive (Q-)momentum triple thanks to Proposition 5.7 and Theorem 5.5. These three combined statements prove also the surjectivity of the given mapping. More precisely, consider any reflexive (Q)-momentum triple (Ξ, Q, Σ). Let (X, L) be the corresponding polarized spherical G-variety given by Theorem 5.5. In particular, we have Q(X, L) = Q (resp. Q(X, L) = nQ for some n ∈ N). Besides, L = L(D) for some ample Cartier divisor D of X with D = −K X thanks to Proposition 3.1 along with Proposition 5.7. The injectivity of the mapping is given by Theorem 5.5.
Remark 5.11. In [GH15] , generalizing the work of Pasquier's [Pas08], Gagliardi and Hofscheier classify the Fano spherical embeddings of a given spherical homogeneous space G H, in terms of so-called G H-reflexive polytopes (see loc. cit. for the definition). The correspondence is given as follows. Let X be a such an embedding and X 1 , . . . , X n be the G-stable prime divisors of X. Then X ↦ Q X where Q X is the convex hull of the ρ(D) m D and the ρ X i , for D ∈ ∆(X) and 1 ≤ i ≤ n. In particular, Q X ⊂ N(G H) Q .
The polytopes Q X were introduced by Alexeev and Brion [AB04] ; for X a Fano spherical G-variety, it turns out that the momentum polytope of (X, −K X ) is precisely Q * X + q where Q * X denotes the dual of Q X and q is the B-weight of the canonical section of −K X (see Proposition 3.1). This yields the connection with the work of Pasquier, Gagliardi and Hofscheier.
Momentum polytopes of smooth polarized spherical varieties
In this section we will specialize the combinatorial smoothness criterion in [Cam01] to our setting. It allows one to decide whether an admissible polytope is the momentum polytope of a smooth polarized spherical variety. We will use the exposition of the criterion given in [PVS16, Section 3].
To state Camus' criterion we need a few definitions and notations. We start with spherically closed spherical roots, and the notion of socle. Definition 6.1. (see [PVS16, Proposition 2.7]) Let X be a spherical G-variety. We define the set Σ sc (X) of spherically closed spherical roots of X, as the set obtained from Σ(X) by replacing σ with 2σ for all σ satisfying any one of the following conditions:
(1) σ = α 1 + . . . + α n , where {α 1 , . . . , α n } ⊆ S has type 3 B n and α i ∈ S p for all i ∈ {2, . . . , n},
(2) σ = 2α 1 + α 2 , where {α 1 , α 2 } ⊆ S has type G 2 , (3) σ is not in the root lattice of G.
Definition 6.2 ([Cam01]). Let X be a spherical G-variety with a unique closed orbit.
(1) We denote by V X the set of G-stable prime divisors of X, by ∆ X the set of the colors containing the closed G-orbit of X, and we set L) is a polarized G-variety, and let Q = Q(X, L) be its momentum polytope. Recall that closed orbits in X correspond to maximal cones in the colored fan (see [Kno91, Lemma 3.2]), and that these correspond to the orbit vertices of Q (Theorem 3.5). For an orbit vertex v, let (C(v), D(v)) be the associated colored cone. For each orbit vertex v, there exists an open G-stable subvariety X(v) of X, such that X(v) has a unique closed G-orbit, which is the orbit of X corresponding to v (see [Kno91, Theorem 2.1]). It follows that the subvarieties X(v) form an open cover of X. 
Thanks to [Kno91, Lemma 2.4], the set B(v) is the set of valuations of G-stable prime divisors on X that contain the closed orbit corresponding to v.
We can now state Camus' smoothness criterion, specialized to our setting.
Proposition 6.4. Suppose (X, L) is a polarized G-variety, and let Q = Q(X, L) be its momentum polytope. Then X is smooth if and only if for every orbit vertex v of Q we have:
can be extended to a basis of Ξ(X) * ; and (b) soc(X(v)) is the socle of a spherical module.
Proof. Clearly, X is smooth if and only if it is smooth along each of its closed orbits, if and only if, for all orbit vertices v of Q, the variety X(v) is smooth along its closed orbit. This is equivalent to conditions (a) and (b), thanks to [PVS16, Theorem 3.14].
We recall that the socles of spherical modules are described in [PVS16, Theorem 3.20], by re-interpreting the combinatorial data in [Kno98, Section 5].
Remark 6.5. We observe that the data ∆(X), ρ X , C(v), D(v) and A(X) can be (combinatorially) computed from the triple (Ξ(X), Q(X), Σ(X)) (see Section 7) . Indeed, for the colored fan of X, see Theorem 3.5. For A(X), see Definition 4.17: the sets A(α) and the corresponding valuations defined there agree with the sets A(α) defined for X in this section, as follows from the proof of Theorem 4.12. The valuations of the colors of X not in A(X) follow from Σ(X). As a consequence, also B(v) and soc(X, v) can be derived from the triple (Ξ(X), Q(X), Σ(X)). In particular, the conditions (a) and (b) of Proposition 6.4 can be viewed as purely combinatorial conditions on (Ξ(X), Q(X), Σ(X)).
Kählerizability of multiplicity free Hamiltonian manifolds
Throughout this section, we are concerned with multiplicity free and compact Hamiltonian K-manifolds with K being a connected compact Lie group. We obtain a sufficient condition for these manifolds to admit a Kähler structure. Let L 0 be the principal isotropy group of M, that is the stabilizer in K of a generic point, say x, in Φ −1 (Q) and let L be the stabilizer of Φ(x) in K. Then A R ∶= L L 0 is abelian. Following Knop ([Kno11] ), we define the weight lattice of M as the following group
regarded as a lattice in ia * R . 7.1.2. A compact multiplicity free manifold is a Hamiltonian K-manifold (M, ω, Φ) which is connected and such that Φ induces a homeomorphism M K ≃ Q(M, ω, Φ).
Since the lattice Ξ(M) contains the same information as L 0 (see pages 570-571 in [Kno11] ), Theorem 10.2 in loc. cit., specialized to the compact case, can be read as follows.
Theorem 7.1 (Knop) . A compact multiplicity free Hamiltonian K-manifold is uniquely determined by its momentum polytope together with its weight lattice. 22 We thus have
Note that here the m F,ω are real (not necessarily rational) numbers. 7.2.1. In the following, we give a sufficient condition for a given multiplicity free compact Hamiltonian manifold to be Kählerizable. This involves the notion of a smooth R-momentum triple.
Recall the notion of Q-admissibility; see Definition 4.17. As already noticed in Remark 4.21, this definition does not involve the vertices of the polytope under consideration. We can thus extend the definition of a Q-admissible momentum triple verbatim to any real polytope as above in order to get the notion of a R-admissible momentum triple.
To motivate and introduce the purely combinatorial notion of smoothness for an admissible R-momentum triple, we first construct a spherical variety for any prescribed such triple by a different method as the one pursued in Section 4.
The different steps of this construction are traceable in the following lemmas.
Lemma 7.5. Suppose (Ξ, Q, Σ) is a R-momentum triple. Let F be a facet of Q. Then one of the following statements holds.
(1) There exist α ∈ S ∩ Σ and D ∈ A(α) such that ρ F = ρ(D).
(2) There exists α ∈ S ∖ (Σ ∪ Q ) such that ⟨α ∨ , F ⟩ = 0.
(3) The inequality ⟨ρ F , σ⟩ ≤ 0 holds for all σ ∈ Σ.
Proof. The proof is an obvious consequence of Definition 4.17.
Remark 7.6. In general, the three statements of the above lemma are not mutually exclusive. For example, assume that statement (1) holds for some facet F ⊂ Q. Proof. We use the classification of spherical homogeneous spaces via homogeneous spherical data. For all α ∈ Σ ∩ S, we consider the set A(α) given in Definition 4.17. Set
where ∼ is the equivalence relation on the above union defined by D ∼ E if and only if there exist α, β ∈ Σ ∩ S with α ≠ β such that D ∈ A(α), E ∈ A(β), and ρ(D) = ρ(E). Then the given maps A(α) → Hom Z (Ξ, Z) glue to a map ρ∶ A → Hom Z (Ξ, Z).
All axioms of homogeneous spherical data obviously hold for (S ∩ Q , Σ, A, Ξ, ρ).
Let us fix a point ω ∈ Q. The numbers m F,ω are thus defined for all facets F of Q and so is the support function l Q−ω of Q − ω. (1) For α ∈ S ∩Σ, we choose a facet F + α of Q such that ρ F + α = ρ(D + α ). We set
, let α be a simple root that moves D. If 2α ∉ Σ we set n D = ⟨α ∨ , ω⟩, otherwise we set n D = 1 2 ⟨α ∨ , ω⟩. Then, for all q ∈ Q and all D ∈ ∆(G H), we have the following inequality Proof. For all (C, D) ∈ F Σ (Q), property (CC2) is clear. For property (SCC), we observe that C is strictly convex because Q has dimension equal to the rank of Ξ. We must also show that 0 ∉ ρ(D), so assume ρ(D) = 0 for some D ∈ ∆(G H). Then D ∉ A(G H), and α ∨ Ξ = 0, where α ∈ S ∖ Q moves D, i.e. ⟨α ∨ , Q⟩ = ⟨α ∨ , ω⟩. But α ∉ Q , so ⟨α ∨ , ω⟩ > 0, therefore there does not exist any facet F of Q such that ⟨α ∨ , F ⟩ = 0. It follows that ⟨ρ(D), Q−ω⟩+n D ⊂ R >0 by the definition of n D , hence D ∉ D.
We check property (CC1) on a colored cone (C(F ), D) ∈ F Σ (Q). Recall that C(F ) is generated by ρ F ′ , for all facets F ′ of Q containing F . By Lemma 7.5, any such ρ F ′ is in V(G H), or it is equal to ρ(D) for some D ∈ A(G H), or (assuming the two previous conditions fail) a positive multiple of α ∨ Ξ R for some α ∈ S ∖ (Σ ∪ Q ) such that ⟨α ∨ , F ′ ⟩ = 0. In the third case, the color D ∈ ∆(G H) ∖ A(G H) moved by α satisfies
by the definition of n D , so D ∈ D. In the second case, suppose D = D + α for α ∈ Σ ∩ S, or there exist two distinct facets of Q whose normals against alpha is positive. Then n D = l Q−ω (ρ(D)) and the equality (7.2) holds again, hence D ∈ D. If D = D − α and there exists a unique facet of Q whose normal against alpha is positive, we have ρ(D) = ρ(D − α ) = ρ(D + α ), because anyway ρ(D) = ρ F is positive on α. In this case it is enough to set D = D + α instead of D − α to obtain once again n D = l Q−ω (ρ(D)) and (7.2), yielding D ∈ D. Property (CC1) for (C(F ), D) follows. Properties (CF1) and (CF2) are obvious, hence F Σ (Q) is a colored fan.
Thanks to the definition of F Σ (Q), the union of all cones in the fan contains V(G H), hence the corresponding embedding X of G H is complete.
Take a momentum triple (Ξ, Q, Σ). In the following, we denote the spherical G-variety constructed in Lemma 7.9 by X(Ξ, Q, Σ). 7.3. We can now introduce the advertised notion of smoothness. It requires first reproducing in a purely combinatorial fashion several definitions that we have already seen earlier in a geometric context (i.e. essentially completing the task described in Remark 6.5).
(1) We define the set A(Q, Ξ, Σ), also denoted simply by A, as
where ∼ is the equivalence relation that identifies two different elements D, D ′ if and only if ρ(D) = ρ(D ′ ) and there exist α, β ∈ S ∩ Σ such that α ≠ β and D ∈ A(α), D ′ ∈ A(β). The maps ρ∶ A(α) → Hom Z (Ξ, Z), defined by R-admissibility for all α ∈ S ∩ Σ, glue to a map ρ∶ A → Hom Z (Ξ, Z).
(2) We define the set ∆(Q, Ξ, Σ), also denoted simply by ∆, as the disjoint union
where ≈ is the equivalence relation that identifies two different simple roots α, β if α ⊥ β and Q(α + β) ∩ Σ ≠ ∅. Given α ∈ S ∖ Q , we say that it moves its equivalence
Remark 7.11. In Definition 7.10-(3), ρ(D) is well defined thanks to R-admissibility. By extending the map ρ previously defined, we thus get a map ρ∶ ∆ → Hom Z (Ξ, Z).
Let us fix ω ∈ Q, and recall that then the numbers m F,ω are defined for all facets F ⊂ Q. The following definition stems from Lemma 7.8. Definition 7.12. For all elements D ∈ ∆(Q, Ξ, Σ) we define a real number n D as follows.
(1) For α ∈ S ∩ Σ, we choose a facet F + α of Q such that ρ F + α = ρ(D + α ). We set n D + α = m F + α ,ω . For the other element D − α ∈ A(α) we set n D − α = ⟨α ∨ , ω⟩ − n D + α .
(2) For D ∈ ∆(Q, Ξ, Σ) ∖ A(Q, Ξ, Σ), let α be a simple root that moves D. If 2α ∉ Σ we set n D = ⟨α ∨ , ω⟩, otherwise we set n D = 1 2 ⟨α ∨ , ω⟩. Definition 7.13. Suppose Σ is R-admissible for (Q, Ξ), and let F ⊂ Q be an orbit face. We define
(1) C(F ) as the dual cone, in Ξ Q , of the convex cone generated by Q − f , where f is any point in the relative interior of F , and (2) D(F ) ∶= {D ∈ ∆(Q, Ξ, Σ)∶ ⟨ρ(D), p − ω⟩ + n D = 0 for all p ∈ F }. Definition 7.14.
(1) Let F ⊂ Q be an orbit face. We define V F as the set of inwardpointing primitive facet normals to the orbit facets of Q that contain F . We set D F = D(F ) ∪ V F , and we extend ρ∶ D(F ) → Hom Z (Ξ, Z) to D F by simply setting
(2) The socle of the triple (Q, Ξ, Σ) with respect to the orbit face F ⊂ Q is defined as
where (a) Σ sc is obtained from Σ by replacing σ with 2σ for all σ satisfying any one of the following conditions:
(i) σ = α 1 + . . . + α n , where {α 1 , . . . , α n } ⊆ S has type 4 B n and α i ∈ S ∩ Q for all i ∈ {2, . . . , n}, (ii) σ = 2α 1 + α 2 , where {α 1 , α 2 } ⊆ S has type G 2 , (iii) σ is not in the root lattice of G. The support of the colored fan of X, being given by some maximal cones of the normal fan of Q, one can easily exhibit a Cartier divisor (i.e. a Weil divisor since X is smooth) satisfying the conditions of Theorem .22. Such a divisor is ample by this very theorem and in turn X is projective.
Let n D be the real numbers given in Lemma 7.8. For all G-stable prime divisors Y of X(Ξ, Q, Σ), let n Y = m F,ω , where F is the facet of Q such that Q ≥0 ρ F is the cone of the colored fan of X(Ξ, Q, Σ) corresponding to Y . Set
where Y varies in the set of G-stable prime divisors of X(Ξ, Q, Σ).
Let Proof of Theorem 7.16. Take (Ξ, Q, Σ) and let X = X(Ξ, Q, Σ) and δ = δ(Ξ, Q, Σ) be as above. Thanks to the previous lemmas, we are left to show that P (X, [δ]) = Q. From Lemma .24, we derive that χ 0 ([δ]) = ∑ ∆(X) n D ω D . Moreover, by definition of the n D 's, the equality ⟨α ∨ , χ 0 ([δ])⟩ = ⟨α ∨ , ω⟩ holds for all α ∈ S hence χ 0 ([δ]) = ω. Besides, by Proposition 7.4, the polytope P (X, [δ]) − χ 0 ([δ]) is defined by the inequalities Theorem .21 (Brion) . Let X be a spherical G-variety and let δ be as in (.4). Then the following are equivalent.
(1) The divisor δ is Q-Cartier (resp. Cartier).
(2) For each closed G-orbit Y of X, there is χ δ,Y ∈ Ξ(X) Q (resp. χ δ,Y ∈ Ξ(X)) with ⟨ρ(D), χ δ,Y ⟩ = n D for all D ∈ D Y .
Given a Cartier B-stable divisor δ of X, let l δ denote the function on F (X) defined by (.5) l δ (u) = ⟨u, χ δ,Y ⟩ for all u ∈ C Y and all G-orbits Y of X.
Notice that l δ is piecewise linear, because it coincides on C Y with the linear function ⟨−, χ δ,Y ⟩. The function l δ is called strictly convex if it satisfies the following property, for all maximal cones C of F (X):
Theorem .22 (Brion) . Let X be a complete spherical G-variety and let δ be a Cartier B-stable divisor of X as in (.4). Then the following are equivalent.
(1) The divisor δ is ample.
(2) The function l δ on F (X) is strictly convex and ⟨ρ(D), χ δ,Y ⟩ < n D for all closed Gorbits Y ⊂ X and all D ∈ D(X) ∖ D Y .
Remark .23. Recall that, if ρ(D) = 0 for some D ∈ div B (X)), then D does not belong to D for any colored cone (C, D) ∈ F (X). In this case, n D > 0 for any ample divisor of the form (.4), because of Theorem .22. Proof. This result is proved in [Fos98] under additional assumptions, we show how to reduce the general case to the one treated in loc.cit.
Let X 0 ⊆ X be the open G orbit, identify X 0 with a homogeneous space G H, and consider the quotient map π∶ G → G H. Then the pull-back from X 0 to X of the divisor (D ∩ X 0 ), D ∈ ∆(X), has a global equation By [Kno96] , there exists a subgroup H ⊇ H of G contained in N G (H) such that Y 0 = G H admits a wonderful embedding Y in the sense of [Lun01] , and such that the projection X 0 → Y 0 induced by the inclusion H ⊆ H induces a bijection ∆(X) → ∆(Y ), denoted here as D ↦ D ′ . From [Kno91] we know that Σ(X) = Σ(Y ) up to replacing some elements by positive rational multiples.
On one hand, by the classification of spherical varieties with only one spherical root, we know that the only rational multiples of simple roots that can be spherical roots are the simple roots and their doubles. On the other hand, from the above bijection ∆(X) → ∆(Y ) and the fact that a simple root moves two colors if and only if it is a spherical root, we conclude that Σ(X) ∩ 2S = Σ(Y ) ∩ 2S.
Finally, note that the function f D is a global equation of the pull-back from Y 0 to G of the color D ∩ Y 0 of Y 0 . At this point, the desired claim is [Fos98, Theorem 2.2] applied to the wonderful variety Y and its color D ′ .
